Pulse vaccination is an important strategy to eradicate an infectious disease. In this paper, we investigate an SIR epidemic model with stage structure and pulse vaccination. By using the discrete dynamical system determined by stroboscopic map, we obtain the conditions for the global asymptotical stability of the infection-free periodic solution of the studied system. The permanent conditions of the investigated system are also given. The results indicate that a large pulse vaccination rate is a sufficient condition to eradicate the disease. It provides a reliable tactic basis for preventing the epidemic outbreak.
Introduction
The SIR (susceptible, infectious, recovered) epidemic model is one of the most popular epidemic models in epidemiology; it was initially proposed by Kermack 
NS(t) + NI(t) + NR(t) = N,
where the contact rate λ, the removal rate constant γ and the death rate constant μ are positive constants. For more details of a simple SIR model, we can refer to the books of Hethcote [] and Anderson and May [] . In addition, Gao et al. [] have investigated a delayed SIR epidemic model with pulse vaccination. They conclude that the infection-free periodic solution is globally attractive and the system is permanent. Meng and Chen [] studied the SIR epidemic model with both vertical and horizontal transmission, analyzed some dynamical behaviors, such as the infection-free equilibrium, the positive equilibrium, the permanence, global asymptotic behavior and so on, and one obtained some important qualitative properties.
Recently, pulse vaccination strategy, a new vaccination strategy against measles, has been proposed. Its theoretical study was started by Agur et al. in [] . As for pulse vaccination strategy, a lot of original work has been done in [-, -].
In the real world, individual members of many species experience two stages of life, immature and mature ones. Stage-structured population models have received great attention, and many stage-structured models have been studied in recent years [-] .
Theories of impulsive differential equations have been introduced into population dynamics lately [-] . Impulsive equations are found in almost every domain of applied science and have been studied in many investigations [, , -]. They generally describe phenomena which are subject to steep or instantaneous changes.
Motivated by the above studies, our study is to investigate transmission dynamics of an SIR epidemic model with stage structure and pulse vaccination. We assume that the matured population approaches a steady state, if there is no disease infection and all matured individuals are susceptible. We assume full immunity of recovered individuals; that is to say, those individuals are no longer susceptible after they have recovered.
The present paper is to introduce birth pulse of the population, state structure and pulse vaccination into SIR epidemic model and obtain some important qualitative properties for the investigated system. As a matter of fact, pulse birth is used in an epidemic model. To the best of our knowledge, no such research has been conducted.
The model
In this work, we consider an SIR epidemic model with stage structure and pulse vaccination:
where S  (t), S  (t) represent the numbers of the immature and the mature of the susceptible. I(t), R(t) represent the numbers of the infectious, and the recovered, respectively. c is called the rate of the immature susceptible turning into the mature susceptible.
respectively denote the natural death rate of the immature susceptible, the mature susceptible, the infectious and the recovered. β is the average number of adequate contacts of a mature infectious individual per unit time. r stands for the recovery rate of the mature infectious individual. The mature susceptible is birth pulse with intrinsic rate of natural increase and density dependence rate of the mature susceptible denoted by a, b, respectively. The pulse birth and pulse vaccination occurs every τ period (τ is a positive constant). S  (t) = S  (t + ) -S  (t). μ ( < μ < ) is the proportion of the successful vaccination which is called pulse vaccination rate, at
and S  (t)(a -bS  (t)) represents the birth effort of the mature susceptible at t = nτ , n ∈ Z + . In this paper, we assume: (i) The susceptible is infertile after being infected; that is to say, the infectious and the recovered have no ability to reproduce. (ii) The immature susceptible is immune to the disease for taking from their parent population; that is to say, the immature susceptible achieves temporary immunity. As the first, second, and third equations do not comprise R(t), we can simplify system () as follows:
This is equivalent to system ().
Some lemmas
Before discussing the main results, we will introduce some definitions, notations, and lemmas. Denote by f = (f  , f  , f  , f  ) the map defined by the right-hand side of system (), the solution of (), denoted by z(t) = (S  (t), S  (t), I(t), R(t)) T , is a piecewise continuous function
According to [, ] , the global existence and uniqueness of solutions of system () is guaranteed by the smoothness properties of f , the mapping defined by the right-hand side of system ().
Let V :
Then V is said to be belonged to class V  if:
(ii) V is locally Lipschitzian in z.
, the upper right derivative of V (t, z) with respect to the impulsive differential system () is defined as 
Lemma . There exists a constant M >  such that S  (t) ≤ M, S  (t) ≤ M, I(t) ≤ M, R(t) ≤ M for each solution (S  (t), S  (t), I(t), R(t)) of system () with t large enough.
Proof
When t = (n + l)τ , we have
When t = (n + )τ , we have
We make a notation as ξ = a  b > . Then by Lemma ., for t ∈ (nτ , (n + )τ ], we have
So V (t) is uniformly ultimately bounded. Hence, by the definition of V (t) we see that there
We choose the following notation:
If I(t) = , then we have the following subsystem of ():
We easily obtain the analytic solution of system () between pulses as follows:
Considering the fourth, fifth, seventh, and eighth equations of system (), we have the stroboscopic map of ()
where
, the following two equivalence relations are found by calculation:
The two fixed points of () are obtained as G  (, ) and 
is the unique fixed point of system of (), we have
and from the Jury criterion, G  (, ) is locally stable, and then it is globally asymptotically stable.
(
From the Jury criterion, G  (S *  , S *  ) is locally stable, and then it is globally asymptotically stable. This completes the proof. 
in which S *  , S *  are determined as in ().
The dynamics
In this section, for system () there obviously exists an infection-free periodic solution ( S  (t), S  (t), ). First, we prove that the infection-free periodic solution ( S  (t), S  (t), ) of system () is globally asymptotically stable. After that, we prove that system () is permanent. 
Theorem . If
μ < * , τ >  c + d  ln( + a) and μ > S *  ( -e -d  τ ) d  + cS *  ( -e -d  τ ) d  (c + d  -d  ) - cS *  ( -e -(c+d  )τ ) (c + d  )(c + d  -d  ) - (r + d  )τ β × e -d  lτ -e -d  τ S *  d  + cS *  ( -e -(c+d  -d  )lτ ) d  (c + d  -d  ) - ,
(t) = S  (t) -S  (t), Z  (t) = S  (t) -S  (t), I(t) = I(t)
, we have the following linearly similar system for ():
It is easy to obtain the fundamental matrix
There is no need to calculate the exact forms of * , †, as they are not required in the analysis that follows. The linearization of the fourth, fifth, and sixth equations of system () is
The linearization of the seventh, eighth, and ninth equations of system () is
The stability of the infection-free periodic solution ( S  (t), S  (t), ) is determined by the eigenvalues of
which are
According The following task is to prove the global attractivity; choose ε >  such that
From the second of system (), we notice that
, so we consider the following impulsive differential equation:
From Lemma . and the comparison theorem of impulsive equations (see [] , Theorem ..), we have S  (t) ≤ S  (t), S  (t) ≤ S  (t), and
for t large enough. For convenience, we may assume that () holds for all t ≥ . From () and (), we get
Therefore, I(t) →  as t → ∞.
Next we prove that S  (t) → S  (t), S  (t) → S  (t) as t → ∞. Since ∀ε > , we have  < I(t) < ε for all t ≥ , then, for system (), we have
then we have S  (t) ≤ S  (t) ≤ S  (t), S  (t) ≤ S  (t) ≤ S  (t), and S  (t) → S  (t), S  (t) → S  (t), S  (t) → S  (t), S  (t) → S  (t), as t → ∞. Meanwhile (S  (t), S  (t)) and (S  (t), S  (t)) are the solutions to
and
respectively. Here ( S  (t), S  (t)) can be expressed as
Therefore, for any ε  > , there exists t  , t > t  , such that
Letting ε → , we have
for t large enough, which implies that S  (t) → S  (t), S  (t) → S  (t) as t → ∞. This completes the proof.
The next work is to investigate the permanence of system (). Before starting this work, we should give the following definition.
Definition . System () is said to be permanent if there are constants m, M >  (independent of initial value) and a finite time T  , such that for all solutions (S  (t), S  (t), I(t)) with any initial values
Proof Let (S  (t), S  (t), I(t)) be a solution of () with
From the proof of Theorem ., we know that S  (t) > S  (t) -ε  , S  (t) > S  (t) -ε  for t large enough, and ε  > . So, S  (t) ≥ S *  e -(c+d  )τ -ε  = m  , and
for t large enough, where S *  and S *  are defined by (). Thus, we only need to find m  >  such that I(t) ≥ m  for t large enough. We will do it in the following two steps.

• Prove that I(t) ≥ m  , for t large enough. Otherwise, we can select m  >  small enough, and prove I(t) < m  cannot hold for t ≥ . By condition (), we can obtain
By Lemma ., we have S  (t) ≥ S  (t), S  (t) ≥ S  (t), and S  (t) → S  (t), S  (t) → S  (t), t → ∞, where (S  (t), S  (t)) is the solution to
with
Here S *  and S *  are determined as where σ  = βm  -(r + d  ) < . Let T = n  τ + n  τ , we claim that there must be a t  ∈ (t * , t * + T], such that I(t  ) > m  . Otherwise, i.e., (∀t ∈ (t * , t * + T], I(t) ≤ m  ) consider () with S  (n  τ + ) = S  (n  τ + ), S  (n  τ + ) = S  (n  τ + ), for t ∈ (nτ , (n + )τ ) and n  ≤ n ≤ n  + n  + n  , 
